Abstract-We present a three-dimensional expression of the magnetic torque exerted between a tile permanent magnet radially magnetized and a winding in ironless structures. Such an expression can be used for calculating the magnetic torque transmitted between the stator and the rotor of an ironless permanent magnet motor. The calculations are carried out without using any simplifying assumptions. Consequently, the expression of the torque obtained is exact whatever the magnet or winding dimensions. The ironless structure we consider in this paper is commonly used for high speed rotation devices in which eddy currents must be avoided. Indeed, it is noted that more and more structures are ironless because they offer promising perspectives.
INTRODUCTION
I RONLESS electrical machines are generally used when high-speed rotations are required. These ironless motors [1] [4] differ from iron-core motors [5] [6] because the last ones are used up to a few hundred of hertz. Even though ironless motors are less efficient than iron-core motors, they constitue technological solutions [7] [8] for avoiding the drawbacks of eddy currents that appear in iron-core motors. Many studies on ironless structures have been performed by several authors [9] [10] with analytical or semi-analytical approaches. In addition, some studies dealing with iron-core electric machines have been carried out with different analytical calculations [11] [12] . Striclty speaking, iron-core motors using permanent magnets and windings are composed of iron parts whose aim is to confine the magnetic field produced by the permanent magnets. However, for high speed rotation devices, the presence of iron is problematic in the structure because eddy currents appear. Nevertheless, it is well known that the presence of these eddy currents generates a decrease in the efficiency of the torque transmitted between the stator and the rotor of electrical machines. This is why we can say that two kinds of applications must be identified and depend on both the input frequency and the rotation speed required. In addition, the magnet topology is also of great importance in high-speed motors and must be clearly optimized [13] .
Several methods can be used for studying analytically ironless motors [14] - [19] . These methods generally use the three-dimensional magnetic potential created by permanent magnets [21] and allow us to optimize easily such structures [22] - [24] .
Consequently, high speed rotation devices are only composed of ironless parts with samarium-cobalt magnets that are not conductor of electricity. The efficiency of such ironless structures is weaker than iron electrical machines but they can reach very high rotating speeds without the drawbacks of the eddy current effects. The accurate knowledge of the torque in such ironless structures is required for optimization purposes. It is noted that a semi-analytical calculation of this torque is possible because the structure considered is ironless. For classical electrical machines, such calculations are more difficult and finiteelement methods are appropriate. We present in this paper an analytical calculation of the torque transmitted between the stator and the rotor of an ironless motor. We use the analogy between the coulombian model and the amperian current model for calculating the torque transmitted between a tile permanent magnet radially magnetized and a winding in the stator. Then, by using the principle of superposition, this calculation is used for calculating the torque transmitted between th stator and the rotor.
NOTATION AND GEOMETRY
The geometry considered and the related parameters are shown in Fig 1. We consider both an outer tile permanent magnet and an inner winding. Such a configuration corresponds to an element of an ironless permanent magnet motor. Both the tile permanent magnet and the winding can be modeled by using the coulombian model. Indeed, by using the analogy between the coulombian and the amperian current models, the winding can be represented by using the fictive magnetic pole densities that are located on both the inner and outer surfaces delimited by the winding. The radially magnetized tile permanent magnet is also represented by fictitious magnetic pole surface densities [8] that are located on its inner and outer faces as well as in its volume. We denote H θ , the azimuthal component of the magnetic field created by the tile permanent magnet. Its expression is given by
where
and Φ(r, θ, z) is the scalar magnetic potential produced by the tile permanent magnet radially magnetized. This scalar magnetic potential Geometry considered: an outer tile permanent magnet radially magnetized (polarization J) and an inner winding with a current, I, flowing through it. The inner radius of the outer tile permanent magnet is r in1 and its outer radius is r out1 . Its height is z b − z a and its angular width is θ 2 -θ 1 . Its magnetic polarization is denoted J. The inner radius of the winding is r in2 and its outer radius is r out2 . Its height is h 2 − h 1 and its angular width is θ 4 -θ 3 .
is expressed as follows:
where r − r ′ is the distance between the observation point and a point located on the charge distribution, S ′ in is the inner surface of the tile permanent magnet, S ′ out is the outer surface of the tile permanent magnet and V ′ is its volume. In addition, K, the equivalent charge densities of the winding, is defined as follows:
where µ 0 is the permeability of the vacuum, I is the intensity flowing in the winding and N is the number of current loops. In the numerical simulation carried out in this paper, we have taken NI = 240 At and K=0.1 T.
The magnetic torque can be determined as 
where V is the volume of the winding, S in2 and S out2 are its inner and outer faces. The azimuthal component H θ of the magnetic field created by the outer tile permanent magnet can be determined either by using the scalar magnetic potential, the vector potential or the three-dimensional Green's function [7] . Without any simplifying assumptions, there are up to six integrations necessary for calculating the magnetic torque. However, this expression can also be reduced to the following form:
The parameters used in (6) are defined in Table  1 . Furthermore, the functions used in Table 1 are defined as follows:
with
and
The expression obtained can be used for realizing easily parametric studies. It is emphasized here that Eq. (2) contains three types of interactions that correspond to the interactions between the surface and volume densities of the tile and of the winding. In addition, the numerical integrations of Eq. (4) have a robust convergence. As a consequence, the determination of Eq. (2) is both fast and accurate and allows us to study the magnetic torque transmitted by several radially magnetized tile permanent magnets on several windings.
APPLICATION: MAGNETIC TORQUE IN AN IRONLESS PERMANENT MAGNET MO-TOR
We discuss now the interest of using such an analytical expression for calculating the magnetic torque transmitted in an ironless permanent magnet motor. For this purpose, let us consider a motor whose rotor bears n radially magnetized permanent magnets and whose stator bears k windings. The total magnetic torque can be expressed as follows:
where i represents the i th magnet of the rotor, j represents the j th winding of the stator and T i,j represents the magnetic torque transmitted between the i th magnet and the j th winding. The parameter α (i,j) is 1 if the magnet and winding polarizations are in the same sense and −1 if their polarizations are opposite. We illustrate it with the following set of parameters: n = 8, k = 4, as shown in Fig 2. The total magnetic torque transmitted by the stator on the rotor is represented versus the angular shift in Fig. 2 in which we give the numerical results given by the three-dimensional expression of the torque transmitted between a rotor with 8 radially magnetized tile permanent magnets and a stator with 4 windings. In addition, it is to be noted that no simplifying assumption is done and that the computational cost is nevertheless very low (less than 250s). This computational 
INFLUENCE OF THE POLE RADIAL WIDTHS ON THE TORQUE TRANSMITTED BETWEEN THE STATOR AND THE ROTOR
In our configuration, the number of poles and the permanent magnet and winding dimensions have a great influence on the torque transmitted between the stator and the rotor. By using the analytical calculations established in this paper, it is possible to optimize the permanent magnet dimensions in order to obtain the greatest torque. We illustrate in Fig  4 how varies the torque transmitted between one permanent magnet at the rotor and one winding in the stator when their radial widths increase by keeping the same equivalent charge density K = 0.1 T. Figure 4 shows that the more the radial widths are important, the more the torque transmitted between the permanent magnet and the winding is. However, other parameters must be taken into account as the 950 magnet volume [25] and the structure dimensions [26] . Such optimizations are possible with analytical calculations as they are fast to carry out.
CONCLUSION
This paper presents an exact three-dimensional analytical method for calculating the torque transmitted between the stator and the rotor of ironless permanent magnet motors with radially magnetized tile permanent magnets and windings. Such structures are generally used when high-speed rotations are required. It is emphasized that the calculations have been carried out without using any simplifying assumptions. The expression of the torque is obtained in a semi-analytical form that can be still simplified by neglecting the interactions between the charge volume densities. Indeed, this interaction has a very low influence of the torque value. In addition, the computational cost of such an expression being very low, this approach is a good alternative to the finiteelement methods for carrying out parametric studies in ironless structures. However, it must be emphasized that such calculations can be carry out analytically possible because the structure considered is ironless.
